This memo contains a collection of formulas describing the electromagnetic energy, momentum and spin distribution of an optical field formed in dispersion-free dielectric media separated by a plane interface when an incident monochromatic plane wave is totally reflected. The formulas are based on the Abraham momentum definition and include the momentum decomposition into the orbital (canonical) and spin parts as well as explicit dual-symmetric separation of the electric and magnetic contributions.
Introduction
It is well known that a propagating plane wave carries momentum along its propagation direction (k-vector) [1] . There are many manifestations of this feature and the most immediate is perhaps the mechanical action: an electromagnetic wave pushes small absorbing particles in this direction due to the radiation force (see, e.g., reviews [2, 3] and references therein). This effect is mostly independent of the wave polarization. On the other hand, an elliptically-polarized propagating plane wave also carries spin angular momentum along its k-vector and can spin a small absorbing particle about its axis. This effect is proportional to the polarization ellipticity and is also well studied [4] [5] [6] [7] .
The situation becomes much more intriguing if we consider an evanescent electromagnetic wave. First, many years ago it was noticed that a circularly polarized evanescent field contains an ellipticity-dependent energy flow (Poynting vector component) in the transverse direction [8] [9] [10] [11] . Originally, it was assumed that this effect produces a transverse shift of the circularly-polarized beam totally-reflected from a dielectric interface. However, further results proved that this shift (also known as the spin Hall effect of light) is unrelated to evanescent waves and the Fedorov-Imbert transverse energy flow [12] [13] [14] [15] [16] [17] . Thus, this anomalous transverse momentum has never been further studied in detail nor was it observed experimentally.
Second, recent considerations of energy flows and angular momenta in surface plasmonpolaritons at a metal-dielectric interface [18] reveal that any linearly-polarized evanescent electromagnetic wave carries spin angular momentum in the transverse direction. This is very unusual for electromagnetism and quantum mechanics of photons, which carry spin only along the k-vector. Note that such transverse spin arises from an imaginary longitudinal field component and the amplitude inhomogeneity of an evanescent wave. To the best of our knowledge, this extraordinary transverse spin has never been discussed and detected experimentally.
Thus, evanescent electromagnetic waves are expected to exhibit quite curious mechanical properties, which are in sharp contrast to the properties of usual propagating waves. Additional interest concerns the field momentum subdivision into the spin and orbital parts [19] [20] [21] in presence of the sharp interface, emergence of the singular boundary spin and orbital energy flows and their interplay in the total energy transfer pattern [18] . All these facts need experimental verification and a natural way of their study is to exploit the well established mechanical action of momentum or angular momentum of light which manifests itself by the radiation force and torque that causes linear motion and spinning of a small probe particle immersed in the optical field. The possibilities and efficiency of this approach for the evanescent field were repeatedly confirmed in many related works (see, e.g., Refs. [22] [23] [24] [25] [26] [27] [28] ); however, the detailed picture, particularly with account for the physical nature of the ponderomotive agent (field energy gradient, spin or orbital momenta of light) and for the special properties of the particle, is still the subject of discussion [29] [30] [31] [32] [33] .
In this paper, we analyze the evanescent field structure, energy flow pattern and their possible mechanical action as it could be observed in experiment. In contrast to [18] , we consider more practical situation of evanescent field formed in the low-density medium upon the total reflection phenomenon. The analysis is based on the recently developed complex-angle approach for calculation of optical forces and torques exerted on Mie particles in evanescent field [34] and is thus limited by situations where influence of the multiple scattering of light by the interface is negligible. This is admissible in many cases involving subwavelength particles, especially when the force or torque of interest acts parallel to the interface [25] [26] [27] ; in more severe conditions, this approach gives good qualitative results and serves a base for a more thorough analysis.
Field configuration and the energy flow parameters
Consider a general model of evanescent field formation in the total-reflection of a monochromatic light wave with frequency  where the electric and magnetic fields behave in time as
 , see Eqs. (6) . As a result, we obtain for the components of the total momentum density (10)
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(superscripts '+' and '-' denote the positive z > 0 and negative z < 0 half-spaces). These results are well known (see, e.g., Ref. [11] where they were used for explanation of the Goos-Hänchen and Imbert-Fedorov beam shifts); however, the energy flow pattern they describe was considered in detail only recently [18] . Now we generalize that analysis to the total-reflection situation.
Importantly, according to Eqs. (16) (17) , (19) , characterizing the energy flow density, experience simple step discontinuities at z = 0. By using Eq. (5) and easily derived interrelations between the reflection (4) and transmission (8) coefficients,
these steps can be represented in a compact physically transparent form:
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Before proceeding further, note that, contrary to the total field momentum (10), where the electric and magnetic fields are entangled, the field energy (11), the spin (12) and orbital (13) momenta as well as the spin density (14) can be considered as sums of distinctly separable electric and magnetic contributions expressed by the first and second summands of corresponding expressions. This rule applies also to the energy flow steps (21) and (22) where summands proportional to 1 1    ('magnetic') and those proportional to 1 1    ('electric') can be easily singled out. This division is not formal and reflects specific features of the electromagnetic field interaction with material objects which usually possess preferential sensitivity to electric or magnetic field [24, 30, 33] . For this reason, we will highlight these partial contributions by superscripts 'e' and 'm'.
Our main interest is associated with the spin density (14) . For the evanescent field, in the region 0 z    Eqs. (6) and (14) give 
Remarkably, the electric and magnetic contributions to the x-component (23) are completely equivalent, whereas their counterparts in the z-oriented spin density exactly cancel each other producing the quite expected zero result. The contribution x S  appears due to certain ellipticity of the evanescent wave polarization reflected by non-zero value of
 owes to the mixture of s-and p-polarizations. It is Eq. (24) that describes the already mentioned transverse spin that is specific for an evanescent wave and constitutes a particular interest. In contrast to the usual propagating waves whose spin is collinear to the propagation direction, the component y S  is directed orthogonally to the wavevector (9); moreover, it arises independently of the state of polarization of the incident wave. Now this feature, recently discovered in the surface polariton waves [18] , is extended for a wide class of evanescent waves accompanying the total-reflection phenomena, and the study of its possible mechanical action will be considered in the subsequent sections.
In the medium 1 ( 0 z    ) analogous calculations involving Eqs. (1), (2) and (14) yield
Here the electric and magnetic contributions are not explicitly separated because we do not intend to inspect interactions of this field with any material object, for which this separation can make sense. But confronting Eqs. (26) - (28) with the above Eqs. (23) - (25) may be interesting. First to note is that here, again, the non-zero transverse spin y S  exists; here it looks not so bizarre as y S  since the field in the medium 1 is a superposition of two plane waves where the transverse spin was described elsewhere [31, 36] . However, its clear relation with the transverse spin of the evanescent wave (24) makes the nature and origination of the latter more understandable. Second, all components of S depend only on z, so the general equation (15) can be reduced to the simple prescription 1 2
Third and more important is that at the boundary (z = 0) quantities , , the specific boundary contribution owing to the spin density discontinuity at z = 0,
where   z  is the Dirac delta-function. These singular terms can hardly be observed but they are of principal value. In particular, they ensure that the total spin momentum of the field vanishes, which is required by the general spin momentum theory [20, 21] (see Appendix). Substituting Eqs. (23), (24) and (26) - (28) into Eq. (29) we obtain the following expressions for the "volume" spin momentum density contributions: 
Now, the orbital momentum components can be found directly via
Comparison of Eqs. (32) and (17), (34) and (19) shows that 
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Note that the x-directed spin and orbital momentum components in the evanescent-wave region are directed oppositely and obey the relations
similar to what was found for the surface polariton [20] and interpreted by means of the idea that the "negative" spin momentum ensures proper (subluminal) energy transport in the evanescent field. The spin part of the x-directed momentum (31) and (33) (24) and (26), (27) :
In the latter transformations, we have employed Eqs. (5) and relations
between the reflection (4) and transmission (8) coefficients. Since the total electromagnetic momentum (16) - (20) contains no singularities, the spin momentum singular terms (37) and (38) imply that the similar, but oppositely directed, singular boundary flows of the orbital nature also exist. This means that, in contrast to the linearly polarized field of the surface polariton [20] , generally one cannot assert that the whole field momentum orthogonal to the plane of incidence is of the spin nature: the specific boundary spin flow (37) is accompanied by the oppositely directed "compensatory" orbital flow. The form of Eqs. (32), (34) and (37) dictates that any y-directed field momentum, no matter of the spin or orbital nature, appears due to elliptic polarization of at least one of interacting waves: incident, reflected or refracted (evanescent).
Calculation of the field mechanical action
Following to the procedure of Ref. [ [37] and establishes linear relation between the scattered field and the evanescent wave amplitude, which can be written in a symbolic operator form as
where matrices
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,E H S r are composed from the Mie scattering operators and complex-angle spatial rotation operators [34] . Eqs. (39) imply that the frame origin coincides with the particle center; if the latter is removed from the interface by h, t E is determined by Eq. (6) with z h  . The total field is then given by the vector summation of the incident and scattered fields:
Once the total field is known, the mechanical action can be calculated via the standard procedures based on the Maxwell stress tensor
and the field angular momentum flux tensor [38] 
where ijk  is the LeviCivita symbol. Integrating the stress tensor and the angular momentum flux tensor components over any surface A enclosing the particle (e.g., a sphere   S r R   , R a  ), we obtain the optical force and torque: For the numerical evaluations we assume that a spherical particle of radius a lies on the totallyreflecting surface ( h a  ). Other necessary input parameters are assumed as in [34] :
To reduce the dynamical range of the presented data and realizing the conditions of the earlier simulations [34] , the calculated force and torque values are normalized via dividing by the quantities
respectively, which are proportional to the time-average momentum flux through the area a 2 within the field of the plane wave (1) 
In all figures (see below) the results obtained for  = +1 (-1) are presented by solid (dashed) curves. Figs. 1 and 2 show results of the force calculation for particles with different electric properties and variable radius a expressed via parameter ka. The forces parallel to the plane of incidence (vertical F z and horizontal F x ) behave quite expectedly, showing the features known from the calculations for s-and p-polarizations of the incident wave (1) performed earlier for the same conditions (43) -(46) and the same particles [34] . Even in conditions of Fig. 2a where, in order to characterize the particle absorptive properties, we replaced the zero imaginary part of the perfectmetal permittivity by a small positive value, this does not entail significant modifications of curves F z and F x against their counterparts in [34] (except some quantitative distinctions caused by the different incident polarization). In Figs. 1b and 2b , due to the higher difference in refraction indices of the particle and the medium, all forces become stronger and their dependence on the model parameters acquires the oscillatory character which is explained by the morphology-dependent resonances in the particle with ka > 1 [37] .
Optical forces in the evanescent field
The most impressive novelty is the rather strong transverse force F y whose absolute value may reach tens of percents of the traditional longitudinal force F x (remarkably, this roughly corresponds ka ka Fig. 1 . Normalized radiation force components vs the particle size parameter, calculated for dielectric particle with n p = 1.5 under conditions (43) in case of circular polarization of Eq. to the usual proportions between the Imbert-Fedorov and Goos-Hänchen beam shifts [15] [16] [17] ). Contrary to the other components, F y changes the sign upon switching the polarization handedness (this is shown explicitly in Fig. 1a 
Under conditions (45) and (46),
, and the sign of the whole expression (48) is opposite to . That is, in contrast to the metallic particle behavior in Fig. 2 , on a small dielectric particle (at least, while ka < 6 in Fig. 1 ) this force acts against its "source" -the spin momentum (48), which is also a characteristic feature of the spin-momentum induced mechanical action [31] [32] [33] .
As expected for the spin-momentum force exerted on a non-magnetic particle [33] , at 1 ka  curves F y grow as a 8 . In contrast, the horizontal force F x scales up with a 6 in both panels of Fig. 1 , which is typical for the orbital flow action on particles with the real polarizability [30, 33] ; in Fig. 2 in the small-ka region F x grows proportionally to a 3 due to the non-zero imaginary part of the complex permittivity p  . The direction of F x always agrees with the direction of the orbital momentum density p Ox (35) . The spin momentum (31) might also contribute to F x but its effect does not depend on  and, generally, cannot be separated from the orbital momentum contribution within the frame of the present numerical analysis. However, from the general notions on the spinmomentum ponderomotive action [33] , one might expect the spin contribution to F x to be negligibly small for the Raylegh-scattering particles with 1 ka  . The vertical force F z shows the characteristic gradient-force behavior (~a 3 in the low-size region) [33] , which is not surprising since the z-directed momentum of the analyzed field is zero (see Eq. (20)) and the total z-directed action is completely due to inhomogeneous intensity.
Optical torques in the evanescent field
In this section we inspect mechanical consequences of the unusual transverse spin (24) carried by the evanescent field. Our calculations predictably have shown that non-absorbing particles do not feel the field spin, so Figs. 3 and 4 only present the results obtained for the conductive particles previously considered in Fig. 2 .
First and quite expected detail of both figures is the presence of the longitudinal torque Q x stipulated by circular polarization of the incident wave and changing the sign with the polarization handedness (blue curves in panels 3a and 4a), which can be related to the spin component S x (23) . Also, graphs in Figs. 3 and 4 confirm the existence of a y-directed torque associated with the transverse spin (24) (curves Q y ) and vanishing of all other torque components in cases of "pure" sor p-polarization, in full compliance with Eqs. (23) and (25) . In agreement with Eqs. (24) , the Q y component does not depend on the polarization handedness. However, it appears to be much more sensitive to the p-polarized incident wave (1) than to the s-polarized one (even the torque Q y (+,-) in Figs. 3a and 4a is approximately two times lower than the torque Q y (p) in Figs. 3b, 4b , which closely corresponds to the relative weight of the p-polarization in the incident circularly polarized radiation). Still more striking, in view of the vanishing z-component of the field spin (25) , looks the non-zero z-oriented torque [curves Q z (+), Q z (-)] whose direction switches together with the polarization handedness.
Both the essential difference between curves Q y (p) and Q y (s) and the quite perceptible "unexpected" Q z (+), Q z (-) components apparently cannot be linked to the "whole" spin components described by the second Eqs. (24) , (25) . However, these can be fairly explained by the selective sensitivity of the probe particles to the electric and magnetic contributions exposed by the first Eqs. (24) , (25) . In fact, both sorts of particles satisfying first condition (43) are preferentially subject to 
